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The solution of eddy current problems arising in fusion engineering is addressed.
The numerical method exploits the symmetry that many fusion devices exhibit.
It works even if ﬁeld sources (plasma or external coils) do not share the domain symmetry.
A substantial reduction of memory and computational time requirements is obtained.
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a b s t r a c t
We present a technique to efﬁciently solve 3D eddy current problems in fusion devices, whose structures
exhibit a geometrical symmetry. The proposed approach is based on the exploitation of symmetry via
harmonic analysis and it is suitable to treat also problems where the ﬁeld sources (plasma or external
coils) do not share the domain symmetry. A simple test case is presented to describe the methodology.
Then, a more complicated geometry is considered, which represents a realistic vacuum vessel of an ITER
like fusion device (double layer structure with several portholes). The results are discussed for both
axisymmetric and non-axisymmetric excitations in frequency domain.
© 2014 Elsevier B.V. All rights reserved.

1. Introduction
Many electromagnetic problems deal with symmetric structures (for example rotor/stator of a rotating electric machine). If the
ﬁeld sources share some symmetries, the overall problem can be
reformulated on a restricted domain – the symmetry cell – by imposing suitable Boundary Conditions (BCs) [1], thus allowing a substantial reduction of memory and computational time requirements.
Also magnetic conﬁnement fusion devices, presently operating or under construction, often exhibit a geometric symmetry
of the structures which surround the plasma (e.g. vacuum vessel,
stabilizing shells, plates or loops). For example, in ITER the main
conducting structures can be modeled by gluing nine pieces of
the same structure (symmetry cell), 40◦ wide in the toroidal direction. Unfortunately, such an effective approach is no longer valid
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whenever the ﬁeld sources (plasma or external coils) do not share
the domain symmetry.
Nevertheless, in many cases, it is still possible to take advantage
of symmetries by reducing a given problem to a family of subproblems to be solved on the symmetry cell. Then, the global solution is
build up by superposition of the partial results and application of
symmetry operations [2]. The very idea is to use, in the framework
of electromagnetic ﬁeld analysis, a linear decomposition similar
to the one adopted in the symmetrical component analysis of
unbalanced three-phase power systems, originally introduced by
Fortesque [3].
In this paper, we focus on the exploitation of symmetries for the
solution of 3D eddy current problems in frequency domain. The
electromagnetic problem is formulated according to the discrete
geometric approach described in Section 2. An effective procedure
to exploit the cyclic (rotational) symmetry (Cn , according to standard group theory deﬁnitions, see [4]) is presented in Section 3,
together with a detailed description of its numerical implementation in the electromagnetic code CAFE [5]. Section 4 shows the
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numerical results of the analysis carried out on two reference
geometries: a thick ﬂange with four holes (C4 symmetry) and a
more complicated geometry (C18 symmetry) which resembles a
realistic vacuum vessel of a fusion device characterized by a double layer structure and 18 equatorial portholes. In both cases,
axisymmetric and non-axisymmetric excitations are considered.
Eventually, in Section 5, some conclusions are drawn.
2. Discrete geometric formulation
The eddy current problem is solved, in frequency domain, with
a discrete geometric formulation which is based on the circulation of the magnetic vector potential over hexahedral grids [6]. The
3D domain of interest D is covered by a hexahedral mesh, whose
incidences are encoded in the cell complex K represented by the
standard incidence matrices G, C and D [7]. A dual barycentric complex K̃ is obtained from K by using the barycentric subdivision; its
incidence matrices are G̃ = DT , C̃ = CT and D̃ = −GT [7].
Three regions of D are identiﬁed: the passive conductive region
Dc (including all conductive structures surrounding the plasma),
the nonconductive region Da (air or vacuum), and the source region
Ds (active coils used to control the plasma instabilities).
By combining discrete Ampère’s law and Faraday’s law with
the discrete counterpart of constitutive laws for the ﬂux density
B and the current density J, a symmetric complex linear system of
equations is obtained [8],
K Ar = −iω M As ,

Fig. 1. An example of geometry which exhibits a cyclic symmetry (C4 ).  is the
symmetry cell. Isometries r, r2 , r3 are the angle rotations equal to /2,  and 3/2,
respectively.

(1)
K = CT M

where ω is the angular frequency,
C + iω M , M and M
are square material matrices that represent the discrete version of
the constitutive laws. Material matrices are efﬁciently computed
as described in [9]. The unknowns Ar are the circulations of the
reduced magnetic vector potential along primal edges e ∈ D due to
eddy currents in Dc , only. On the right-hand side, As denotes the
circulations of the magnetic vector potential along
 e ∈ Dc produced
by the sources in Ds and zero for edges in Da Ds . Each entry of As
can be computed with standard closed formulas. Then, the circulations of the modiﬁed magnetic vector potential A can be expressed
as: A = Ar + As .
3. Solution exploiting cyclic symmetry (Cn )
Cn group describes the rotational symmetry of order n around
an axis (e.g. the z-axis in fusion devices):
Cn = {1, r, r 2 , . . ., r n−1 }

(2)

where r = ei2/n . It is referred to as cyclic due to the relation: rn+p

= rp .
An example of domain (geometry) which exhibits a cyclic symmetry (C4 ) is shown in Fig. 1:  is the symmetry cell; isometries r, r2 ,
and r3 are the angle rotations equal to /2,  and 3/2, respectively.
Let bCj denotes the right-hand side relative to the jth sub-

structure and KC the system matrix of the symmetry cell. Here we
provide the recipe to solve (1) by solving n uncoupled problems on
the symmetry cell.

1 A tree–cotree gauge is used to minimize the unknowns and to
obtain a full-rank system. During the tree construction it is wise
not to include as tree edges the ones on the symmetry surfaces
S1 and S2 of the symmetry cell. This generates a tree gauge which
enables the enforcement of the Pseudo-Periodic Boundary Conditions (PPBCs) at step 3.
2 Compute the right-hand side of the kth system with
1  −i(2/n)jk C
e
bj ,
n

Fig. 2. First geometry of passive conductive region Dc (C4 symmetry, 90◦ symmetry
cell): a thick ﬂange with four holes. The numerical domain D is discretised in 15,195
hexahedra, 16,736 nodes and 48,618 edges. An example of axisymmetric (red) and
non-axisymmetric (blue) ﬁeld sources are also shown. (For interpretation of the
references to colour in this ﬁgure legend, the reader is referred to the web version
of this article.)

where k = 1, . . ., n − 1.
3 Solve
KC Akr = bk

(4)

subject to the following PPBCs on S1 and S2
Akr,f = ei(2/n)k Akr,e ,

(5)

where edge e ∈ S1 and f is the corresponding edge on S2 1 .

n−1

bk =

j=0

(3)

1
This is easily implemented during the assembly. In fact, contributions from edges
on S1 are assembled unaltered, whereas the ones from edges on S2 are assembled,
multiplied by e2ik/n , in the positions relative to the corresponding edges on S1 .
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Fig. 3. Second geometry of passive conductive region Dc (C18 symmetry, 20◦ symmetry cell): an example of vacuum vessel (ITER-like machine). The numerical
domain D (only one half is shown) is discretised in 3,414,888 hexahedra, 3,426,237
nodes and 10,267,062 edges. Red/blue current loops mimic an axisymmetric/nonaxisymmetric plasma current. (For interpretation of the references to colour in this
ﬁgure legend, the reader is referred to the web version of this article.)
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Fig. 6. Axisymmetric ﬁeld source: current loop (1 MA, 100 Hz) centered at [x = y = 0,
z = 2m]. Results calculated on the entire domain (360◦ ). Red cones: real part of J,
not to scale. (For interpretation of the references to colour in this ﬁgure legend, the
reader is referred to the web version of this article.)

4. Numerical results
The proposed approach has been applied to calculate the eddy
current induced in two reference conducting structures, excited by
external AC ﬁelds:
1 A thick ﬂange with four holes (C4 symmetry, 90◦ symmetry cell,
see Fig. 2).
2 A structure which resembles the vacuum vessel of an ITER-like
device (C18 symmetry, 20◦ symmetry cell, see Fig. 3), characterized
by a double layer structure with stiffening ribs and 18 equatorial
portholes evenly distributed toroidally.
Fig. 4. Eddy current plot (red cones: real part of J, not to scale). Axisymmetric excitation (centered current loop, AC, f = 100 Hz). Left: standard solution on the entire
domain. Right: solution by exploiting C4 symmetry. (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web version of this
article.)

4 Extend each solution to the whole domain
k



Ar = Akr , ei2/n Akr , ..., ei2(n−1)/n Akr

T

(6)

and reconstruct the solution with
Ar =



k

Ar .

(7)

Fig. 5. Eddy current plot (red cones: real part of J, not to scale). Non-axisymmetric
excitation (not centered current loop, AC, f = 100 Hz). Left: standard solution on
the entire domain. Right: solution on the symmetry cell calculated by exploiting
C4 symmetry. The solution in the other 90◦ cells can be obtained by (6) and (7). (For
interpretation of the references to colour in this ﬁgure legend, the reader is referred
to the web version of this article.)

Fig. 7. Axisymmetric ﬁeld source: current loop (1 MA, 100 Hz) centered at [x = y = 0,
z = 2m]. A detail of the solution calculated on the symmetry cell exploiting C18 symmetry. The solution in the other 20◦ cells can be obtained by (6)–(7). Red cones: real
part of J, not to scale. (For interpretation of the references to colour in this ﬁgure
legend, the reader is referred to the web version of this article.)
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Fig. 8. Non-axisymmetric ﬁeld source: current loop (1 MA, 100 Hz) centered at [x = 0,
y = 1m, z = 2m], tilt ˛ = 10◦ around x-axis. Results calculated on the entire domain
(360◦ ). Red cones: real part of J, not to scale. (For interpretation of the references to
colour in this ﬁgure legend, the reader is referred to the web version of this article.)

presented. The eddy currents induced in the ﬁrst geometry under
axisymmetric (centered current loop) or non-axisymmetric (not
centered current loop) excitations are shown in Figs. 4 and 5,
respectively. The results are in excellent agreement.
Then, the second geometry has been considered. Again, a comparison between standard and new approaches is presented. Both
axisymmetric and non-axisymmetric excitations are considered
(current loops which mimic the plasma current). The results are
presented in Figs. 6–9, respectively. An excellent agreement is
found with a substantial reduction of memory and computational
time requirements. In fact, the solution of the problem on the entire
domain (≈7.2 million unknowns) takes 5300 s, while the solution
on the symmetry cell (solution of 18 subproblems with ≈380 thousand unknowns each) takes 400 s on a workstation equipped with
two 8-core Xeon processors (2.7 GHz).

5. Conclusions
An effective approach for the solution of 3D eddy current
problems in frequency domain has been presented. The proposed
approach is based on the exploitation of symmetry via harmonic
analysis and it is suitable to treat also problems where the ﬁeld
sources (plasma or external coils) do not share this symmetry,
allowing a substantial reduction of memory and computational
time requirements. Two reference test cases have been presented
and the numerical results discussed.
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