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a b s t r a c t
RFX-mod is a device equipped with a state-of-the-art system for active control of MHD instabilities, which
consists of 192 saddle coils and 192 radial ﬁeld sensors. In order to further extend its operational space
an upgrade of its magnetic front-end is now being studied. In this paper we focus on the implementation
of fast and efﬁcient algorithms for the 3D electromagnetic analysis of the effect of the designed magnetic
front-end on the MHD control system in RFX-mod2, in the presence of complex conducting structures
surrounding the plasma.
© 2017 Elsevier B.V. All rights reserved.

1. Introduction
In modern experiments, excellent results have been achieved
in the stabilisation of both axisymmetric vertical instabilities, that
can occur in elongated plasmas, and non-axisymmetric modes, that
tend to deform the plasma boundary. In this paper, we focus on RFXmod, a medium size toroidal device (R = 2 m, a = 0.459 m) that has
been operating since 2004 [1,2]. It is equipped with a state-of-theart system for active control of MHD instabilities, composed of 192
saddle coils, independently fed, arranged into a 48 × 4 grid housed
inside a stainless steel Toroidal Support Structure (TSS) and a wide
set of magnetic sensors (192 bi-axial pick-up probes measuring
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toroidal and poloidal B components and 192 saddle sensors for the
radial component) [3].
The successful simultaneous feedback control of a spectrum of
MHD instabilities has allowed to reach the design plasma current of
2 MA in the RFP conﬁguration [4] and to operate stationary tokamak
discharges with q(a) < 2, by controlling the m = 2, n = 1 RWM [5].
In order to bring the plasma closer to the shell w.r.t. RFX-mod
and consequently reduce the error ﬁeld at the edge, an upgrade
is presently under investigation (more details on scientiﬁc and
technological aspects can be found in [6,7]): the main foreseen
mechanical modiﬁcations are the removal of the Vacuum Vessel
(VV), the realisation of a new vacuum boundary on the TSS and
the introduction of a new butt joint gap conﬁguration (both shell
and TSS) in order to allow the machine assembling. In this paper
we focus on the electromagnetic analysis of the MHD control system in RFX-mod upgrade (hereafter RFX-mod2) with particular
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emphasis on the frequency response of the copper shell. If not carefully addressed, this problem may easily lead to unfeasible memory
and computational time requirements. Therefore, a state of the
art integral formulation, coupled to the sparsiﬁcation procedure
summarised in Section 3, is used to solve the eddy current problem
in the frequency domain. Initial numeric results are presented in
Section 4.
2. Integral formulation
RFX-mod2 copper shell has a thickness (ı = 3 mm) much smaller
than the penetration depth of the magnetic ﬁeld at the highest frequency of interest (50 Hz). Thus, the induced current density can
be considered as uniform across the layer thickness and a surface
integral approach can be adopted, as described in the following.
Additional details may be found in [8].
The surface representing the thin conductor is meshed with a
E
triangular mesh formed by N nodes {Ni }N
i=1 , E edges {Ej }j=1 and T
triangles {Tk }Pk=1 . From the mesh, the primal cell complex K [9]
is constructed as follows, see Fig. 1a. The elements are deﬁned as
rectangular prisms {vi }Pi=1 constructed by considering the polygons
E

with a thickness ı. Faces {fi }i=1 are deﬁned as the lateral faces of
the prisms (one-to-one with the mesh edges), and edges {ei }N
are
i=1
those normal to the symmetry plane (one-to-one with the mesh
nodes). We remark that these prisms of thickness ı are used only
to explain the formulation but they are not explicitly constructed in
the implementation. Then, the dual nodes ñ, dual edges ẽ and dual
faces f̃ belonging to the dual complex K̃ are constructed. They are
obtained from K with the standard barycentric subdivision [9], see
Fig. 1b. Interconnections of the geometric elements of the primal
and dual complex are given in terms of usual incidence matrices.
We consider the incidence matrices C between pairs (f, e) and C̃
between pairs (f̃ , ẽ), in regard to which C̃ = CT holds [9], and the
incidence matrix D between pairs (v, f ).
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We associate an unknown current on faces fi ∈ K − ∂K, whereas
we assume that the current is zero on boundary faces to prevent
current ﬂowing outside the thin conductor. Such unknown currents
are stored in the array I, one entry Ii for each face fi . Since I is
solenoidal (i.e. DI = 0) it can be represented by
I = CT + Hi,

(1)

where T is the array containing the circulations of the electric vector potential on mesh edges, i is the array of independent currents
[10]; the columns of H store the representatives of H 2 (K − ∂K)
generators. An introduction to algebraic topology, comprising the
deﬁnition of cohomology generators, can be found in [10–12].
Concerning boundary conditions, the coefﬁcients of T on edges
on ∂K should be set to zero. Moreover, if some connected components of K is closed, i.e. without boundary, T on one arbitrary edge
of each of such connected components has to be ﬁxed to zero. Then,
the discrete Faraday’s law is enforced on the boundary of dual faces
that are dual to interior edges
CT U + iω = −iωCT Ãs ,

(2)

where U is the electromotive force (e.m.f.) on dual edges,  is the
magnetic ﬂux produced by eddy currents through dual faces and Ãs
is the circulation of the magnetic vector potential due to the source
currents on dual edges. Standard discrete constitutive laws read as
U = RI and

A = MI,

(3)

where R and M are the classical resistance mass matrix and the
magnetic matrix [13], respectively. By substituting (1), (3) and  =
CT A inside (2) and by deﬁning K = R + iωM,









CT KC  + CT KH i = −iωCT Ãs .

(4)

The boundaries of dual faces is where discrete Faraday’s laws as
(2) are enforced. Then, Faraday’s law holds also for any linear combination of those boundaries. Yet, e.m.f.s evaluated on loops that
do not bound are still undetermined since they cannot be spanned
by a linear combination of dual faces boundaries. Hence, non-local
Faraday’s laws enforced on suitable cycles have to be added









HT KC T + HT KH i = −iωHT Ãs .

(5)

3. Sparsiﬁcation
The sparsiﬁcation of the dense blocks of the linear system is
obtained by means of hierarchical H-matrices obtained with Adaptive Cross Approximation (ACA). The main features of this approach
are summarised in the following. Additional details may be found
in [16].
The implementation has been achieved through the hlibpro
library [19], which allows the parallel construction of the matrix
and the solution of the resulting linear system of equations, with
only small, localised modiﬁcations to the existing non-sparsiﬁed
code. The method works by partitioning and clustering the degrees
of freedom according to a geometrical criterion. Then each cluster
pair is tested against an admissibility criterion. If the cluster pair
satisﬁes the criterion, the corresponding matrix block belongs to
the far-ﬁeld, otherwise the clusters are halved and the procedure
is applied recursively until the number of elements is larger than
a speciﬁed threshold. The near-ﬁeld submatrices are computed
exactly, whereas the far-ﬁeld ones are approximated with ACA,
obtaining a low rank approximation W̃k of the far-ﬁeld interaction
matrix W in Rm×n , such that
W̃ − W̃k F ≤ W̃F ,
Fig. 1. Association of physical variables to geometric elements of the (a) primal and
(b) dual complexes.

(6)

where k < m, n,  is a speciﬁed accuracy and · F the Frobenius norm.
The low rank approximation can be obtained without the explicit
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construction of W̃ [18] by choosing a subset of rows and column
such that
W̃k = UVT ,

U ∈ Rm×k ,

V ∈ Rn×k .

(7)

Since only a few entries of the original matrix must be computed,
it can be shown that the computational and memory cost of this
technique have linear-logarithmic complexity [17]. H-matrix arithmetics is also used to construct an incomplete LU decomposition
which is used as preconditioner for the GMRES solver. The low
rank approximation of the system matrix of the case presented
in Section 4 is built in 720 s using the ACA+ algorithm [19]; the
compression ratio is ≈5.8% (3.6 GB compared to 62.5 GB). The preconditioned system converged to the solution in ≈150 s using
GMRES on a Intel(R) Xeon(R) double E5-2680 (2.7 GHz).
4. Numerical results

Fig. 3. Real part of the current density on RFX-mod2 shell with harmonic excitation
(m = 1, n = 6, f = 20 Hz).

A detailed 3D electromagnetic model of RFX-mod2 has been
developed, which includes the copper shell, 192 actuators and a
720 × 180 grid of synthetic sensors (three-axial ﬁeld measures) distributed on a toroidal surface (ﬁrst wall, R0 = 1.995, a = 0.489 m). The
shell (see Fig. 2) features one toroidal gap on the equatorial plane
( = 0◦ ) and the following local (non-axisymmetric) elements:
• 2 poloidal gaps 180◦ degrees apart,
• 80 ports for diagnostics, vacuum, heating systems.
In order to quantify the distortion of the magnetic ﬁeld generated by the MHD saddle coils [15], due to the non-homogeneous
features of the copper shell, a simulation has been performed by
feeding the coils with a set of independent currents to produce
in vacuum (i.e. without conducting structures) an harmonic pattern as follows: the current for the i, j coil (i = 1, . . ., 48, j = 1, . . .,
4) is described by I0 sin(nc,i − ˚j + 2f t) where I0 is the oscillation
amplitude, c,i is the toroidal angle of the ith coil and the initial
phase ˚j = m j/2 varies according to the poloidal coil index. In the
following, an m = 1, n = 6 pattern is considered which is expected to
correspond to the innermost resonant tearing mode of RFX-mod2.
The simulation is performed at f = 20 Hz, which is in the range of the
experimentally observed rotation of Tearing Modes in RFX-mod [5].
Fig. 3 shows the 3D current density pattern on RFX-mod2 shell with
such an harmonic excitation.
Fig. 4-top shows the map of the total (coils + structures) radial
ﬁeld at the plasma radius, at a given time during the oscillation
period. Along the toroidal and poloidal gaps the radial ﬁeld (Br )
oscillation amplitude is signiﬁcantly bigger than the homogeneous

Fig. 2. 3D electromagnetic model of RFX-mod2. The shell is discretised with 131,547
triangles, 67,493 nodes and 199,118 edges.

Fig. 4. Top: map of the radial ﬁeld at a given time. Dashed lines correspond to
toroidal and poloidal gaps. Bottom: radial ﬁeld for a continuous and homogeneous
torus.

torus case (4-bottom). The ampliﬁcation (or suppression) map of
radial ﬁeld is shown in Fig. 5: along the poloidal and toroidal gap
the radial ﬁeld is greatly ampliﬁed while in regions of portholes a
bipolar structure occurs. The asymmetry between the two sides of
the portholes is due to the direction of rotation of the n = 6 pattern.
The phase of the radial ﬁeld oscillation is signiﬁcantly modiﬁed too.
This pattern of ampliﬁcation and phase delays has important
consequences on the spectrum of the magnetic ﬁeld. Given the
ﬁnite size of the coils, the poloidal and toroidal spectrum is characterised by the presence of inﬁnite sidebands m = 1 + kM, n = 6 + hN:
the black line of Fig. 6-left shows the m sidebands of the m = 1, n = 6
harmonic. The amplitude of the main harmonic is reduced by an
amount which is consistent with the one that can be computed in

Fig. 5. Ampliﬁcation (or suppression) map of radial ﬁeld. The continuous line
encloses a region where the phase delay w.r.t. the homogeneous torus case is above
0.1 (and up to 0.5).
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Fig. 6. Poloidal (left) and toroidal (right) spectrum of the radial magnetic ﬁeld. The
harmonics due to the presence of the shell (red line) are compared to the DC case
(black line). (For interpretation of the references to color in this ﬁgure legend, the
reader is referred to the web version of this article.)
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enhancements of selected harmonics, such as m = 1, n = 18 and m = 1,
n = 30.
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