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Discrete Geometric Formulation of Admittance Boundary
Conditions for Frequency Domain Problems Over
Tetrahedral Dual Grids

L. Codecasa, R. Specogna, and F. Trevisan

Abstract—In this work, it is shown how admittance boundary conditions
for electromagnetic boundary value problems in the frequency domain can
be formulated for the Discrete Geometric Approach. The details are pre-
sented for primal grids composed of tetrahedra and barycentric dual grids.

Index Terms—Admittance boundary conditions, cell complexes, discrete
geometric approach.

[. INTRODUCTION

The geometric structure on which different physical theories are
based, and especially electromagnetism with Maxwell’s equations,
allows to express these equations in a discrete manner with respect
to a pair of oriented and interconnected grids, one dual to the other,
leading to the so-called discrete geometric approach (DGA) for
computational electromagnetics. This idea has a solid physical and
mathematical foundation, reflected in the scientific work of Prof. A.
Bossavit with the understanding of the geometric properties of the
finite element method [1]-[3], the work of Prof. T. Weiland regarding
the finite integration technique [4], of Prof. E. Tonti with the cell
method [5]-[7] and Prof. F. L. Teixeira about the formulation of the
problem with differential forms [8], [9]. We will develop the treatment
of admittance boundary condition in the framework of the DGA; such
conditions are convenient when equivalent surface impedance models
are developed to represent complex electromagnetic media in high
frequency applications, such as the absorbers on the walls of anechoic
chambers [10].
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The fundamental steps of DGA can be summarized as follows.
Firstly the region €2, in which the problem is set, is discretized by
means of a primal grid G and a dual grid G; then the electromagnetic
field is discretized over the grids G and G. Finally, Maxwell’s equations
and constitutive relations are reformulated into their corresponding
discrete algebraic counterparts.

In DGA, however the formulation of boundary conditions is not ex-
plicitly introduced, as commonly reported in [4], [7], since the DGA
equations implicitly assume either electric or magnetic wall boundary
conditions. The novelty content of this work is to show how a more
general class of boundary conditions, like the admittance boundary
conditions, can be taken into account in DGA in a geometric way, by
extending the energy approach previously proposed by the Authors fo-
cussing on a primal grid based on tetrahedra and a dual grid obtained
from the primal by the barycentric subdivision.

A numerical result is presented to demonstrate the accuracy of the
proposed formulation.

II. FORMULATION OF THE ELECTROMAGNETIC PROBLEM

A frequency-domain electromagnetic boundary value problem is
considered at angular frequency w in a bounded spatial region 2. The
electromagnetic field is described in terms of phasors by the electric
field e(r), the electric displacement d(r), the magnetic induction
b(r) and the magnetic field h(r). These complex vectors are functions
of the position vector r € €2 and they are respectively ruled by
Faraday-Neumann law

V X e(r) = —iwb(r) (1)
and Ampere-Maxwell law
V x h(r) = iwd(r) + js(r) 2)

where js(r) is the specified current density source.
Linear, non-dispersive, in general anisotropic electromagnetic media
are considered. Thus the electric constitutive relation is

d(r) = e(r)e(r) (3)

in which £(r) is the permittivity double tensor, assumed to be sym-
metric, positive-definite; the magnetic constitutive relation is

h(r) = v(r)b(r) “)

where v(r) is the reluctivity double tensor, again assumed symmetric
and positive-definite.

In addition, boundary conditionsonr € 92 are considered, in which
0 is the boundary of €2. The boundary conditions can be conveniently
expressed in terms of admittance boundary conditions as

(n(r) x h(r)) x n(r) = Y(r)(n(r) x e(r)) 5

where n(r) is the outward unit vector normal to d€2 at point r and
Y (r) is the admittance at the same point; as particular cases, the perfect
electric conductor n(r) x e(r) = 0 or the magnetic wall n(r) xh(r) =
0 boundary conditions can be considered also.

ITII. SPATIAL DISCRETIZATION OF THE ELECTROMAGNETIC PROBLEM

The frequency-domain electromagnetic problem is spatially dis-
cretized by DGA as follows. The spatial region {2 is covered by a pair
of oriented and interlocked dual grids G, G, Fig. 1. The primal grid

0018-926X/$31.00 © 2012 IEEE
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n(r)

Fig. 1. Some geometric elements of the pair of grids G and G are shown, evi-
dencing also the geometric elements on the boundary 9€2.

G is based on simplexes and it consists of a set of nodes {n;}, edges
{e;}, faces (triangles) {f1.} and volumes (tetrahedra) {vs }; each of
these geometrical elements is given an orientation. We denote with
N, &, F, V the cardinalities of each set of geometrical elements,
respectively. The dual grid G is obtained according to the barycentric
subdivision of the primal grid G yielding to the sets of dual volumes
{0;},i=1,...,N, dual faces {f;},j = 1....,&, dual edges, {¢5 },
..., F and dual nodes {n.}, & = 1,...,V, respectively.
Each geometrical element of G is in a one-to-one correspondence with
and inherits the orientation of the corresponding geometrical element
of G. The topologies of G and Q are described by usual incidence
matrices; in our problem, we are interested in the incidence matrix
C between the pairs (fr,e;) of dimension F X &. In addition, we
need the incidence matrix C between the pairs ( fj, €p); the following
result C = C” holds.

The non empty intersections of each face of G with the boundary 0f?2
of the domain define edges {éfb }, g = 1,..., Eb, on the boundary
Of2 that can be arbitrarily oriented, Fig. 1; such dual edges pair with
the primal edges {ef} resulting from the intersection of G with the
boundary 92, £ being the number of the primal edges laying €.

We also introduce, boundary dual faces { ﬂ’b}, i, = 1,....,/V”
on the boundary 02, Fig. 1, and boundary dual nodes {ﬁl,’lb},
hy = 1,...,F", where N'* and F® denote the number of primal

nodes {n? } and primal faces { f1, } of G belonging to 92, respectively.
The dual edges {éfb } and dual faces { f,bb } complete the dual grid G.
The pairs of these edges {d’b }, {(’;’} with js = 1, ..., E? will allow
the geometric formulation of admittance boundary conditions. 3
Moreover, we evidenced in Fig. 1 a particular type of dual faces f;
whose boundary is formed by dual edges internal to {2 and by only
one boundary dual edge é;’»b( )5 é;’»b( ;) 18 crossed by the primal edge
e;’» and function j,(j) yields the index corresponding to j, with j, =
1....¢ ® We denote with K, ;) the incidence number between the
pair (£, €5, ;))-
A. Discretization of the Electromagnetic Field

The electromagnetic field quantities in Section II are discretized in
terms of integral quantities associated with the geometric elements

3999

of the pair of grids G, G and the additional edges introduced on the
boundary yielding to complex arrays of Degrees of Freedom. On G,
we introduce the £ x 1 array U, of voltages U; = fe_ e(r) - tdl, with
j=1,...,&, along the primal edges {e; } and the Fxl array ®, of
induction fluxes ®;, = ffh, b(r) - nds with h = 1,..., F associated
with the primal faces {f}; we denoted with t, n the unit vectors
orienting an edge or a face, respectively, both of G or of G according
to the case.

On G, we introduce the F x 1 array F' of magneto motive forces;
its components F;, = féh h(r) - tdl, with h = 1,...,F, are as-
sociated with dual edges ¢, € Q On the additional boundary edges
we introduce the £ x 1 array F* of magneto motive forces F]'-’b with
jo =1,...,E" associated with dual edges é?b.

Moreover, we introduce the £ x 1 array ¥, of electric fluxes ¥; =
f}‘j d(r) - nds with j = 1,. .., &, associated with the dual faces { f;}

of G and the € x 1 array I, of electric currents I,; = f}‘j(r) - nds,
~ ~ J
withj = 1,..., &, through the dual faces {f;} of G.

B. Balance Relations

The arrays U, ® are related by the discrete counterpart of (1), for-
mulated in terms of balance equations in a one to one correspondence
with each primal face f; € G

(CU); = —iw(P);, withi=1,..., F 6)

where (); denotes the i-th component of an array. The arrays ¥, F are
related by the discrete counterpart of (2), formulated in terms of balance
equations in a one to one correspondence with a dual face fi €G.In
the case of a dual face fj € G in a one to one correspondence with a
primal edge e; internal to €2, we write

(CTF)_:m(\If)J-Jr(L)]-,j:17...75—5b %)
J

while for a dual face fj € G in a one to one correspondence with a
boundary primal edge c’j, we write

(CTF)7 + K, (F"),0 = iw(®); + (L), 8)

withj =& — " +1,...., &, where (F");, ;) is the m.m.f. associated
with the only one dual boundary edge é;’» belonging to  f; and function
4u(j) yields the component of F* corresponding to j.

C. Discrete Counterparts of Constitutive Relations

The electric constitutive relation (3) is discretized into the matrix
equation

¥ =EU ©))

in which the £ x £ matrix E is a discrete counterpart of the £(r) tensor.
The magnetic constitutive relation (4) is discretized into the matrix
equation

F=M® (10)
in which the F x F matrix M is a discrete counterpart of the v(r)
tensor. The problem of discretizing constitutive relations is crucial in
DGA; in order to guarantee stability and consistency of the overall dis-
cretized electromagnetic problem, the matrices E, M are required to
be symmetric positive definite and consistent!. To construct the con-
stitutive matrices the edge and face vector base functions defined in
[11], [12] and [13] can be used. These vector base functions assure

1A precise definition of the notion of consistency for constitutive matrices is
given in [3].
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Fig. 2. Primal volume v, of the cluster of tetrahedra around a primal edge ¢;
is shown together with the portion of dual volume T:‘a tailored inside v, and in
a one to one correspondence with n;,, . Moreover the restriction of the dual face
f ]‘ is drawn. The pair formed by the face f ,’;’a and edge e; having the node n;,
in common is evidenced.

that symmetry, positive-definiteness, and consistency of the constitu-
tive matrices are guaranteed.

D. Discrete Counterpart of Admittance Boundary Conditions

We will demonstrate how admittance boundary conditions (5) can
be discretized on the pair of boundary grids G, G® as
F=YU" )

where Y is a square £° x £° symmetric positive definite matrix repre-
senting a discrete counterpart of the admittance Y (r); the array U” is

a subarray of the array U, having as entries the voltages U associated

with the boundary primal edges e j,» with jp = 1,. ,Eb.

IV. DISCRETE ELECTROMAGNETIC FIELD PROBLEM

Now, we can state the electromagnetic problem spatially discretized,
with respect to the pair of grids G, G in Q as follows: solve (6)—(10)
subject to discrete admittance boundary conditions (11), by computing
the complex arrays U, ®, F, @, F® for the angular frequency w. The
constitutive matrices M and E proposed in [11], [13] guarantee con-
vergence of the discrete electromagnetic problem under mild regularity
conditions on the electromagnetic problem and on the pair of dual grids
[14] in the hypothesis of either perfect electric boundary condition
(PEC) or perfect magnetic boundary conditions (PMC).

It is convenient to reformulate the discrete electromagnetic field
problem in terms of the array U, by substituting in (7)—(9) for ¥, (10)
for F; we write

(C'M®); =iw(EU); + (1),
j=1,....6-¢&" (12)
(C MQ), —+ Ix]b(J)(F )Jb(J) _zw(EU)] =+ (Iq)]’ (13)

with j = € — £€° 4+ 1,..., & in this last equation. Next, deducing &
from (6) and substituting in (12) and (13) we obtain respectively

(C"MC - W’E)U); = —iw(L,);
j=1,....6-¢&" (14)
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and using (11) for F°, (13) yields

((C'"MC - w’E)U); — iwk,(;(YU");, ;) = —iw(L); (15)
withj =& —-&"+1,....¢

In this communication, we will focus on the computation of matrix
Y; in preparation of the computation of Y the computation of E is

revisited.

V. CONSTITUTIVE MATRIX E

In order to build the matrix E, we use a set of piece-wise uniform
edge vector functions and an energy approach introduced in [12], [13].

We focus on a primal edge ¢; € G, with j = 1,...,&, whose
boundary nodes are n;,, ni,, with 4, ¢, € {1,... ,./\"} and we con-
sider a tetrahedron v, of the cluster C; of tetrahedra around e;.

The dual volumes corresponding to n;,, n;, are denoted with v;,
05, respectively. The intersection between v;, and vy is T,’fl , Fig. 2;
similarly, T,I; is the intersection between #,, and vg.

We denote with f,’fa f ,’fb the pair of primal faces of v, opposite to the
edge ¢; and having the nodes 7;, , 1;, in common with ¢, respectively.
Correspondingly, f,’;"a, f,’;"b denote the face vectors associated with f,’;’a,
f;’fb ; a face vector is a vector normal to the face, pointing outward with
respect to the volume v, and with amplitude equal to the area of the
face.

The union set U, _ ])T,"fl u T,IZ = 7, is the support of the edge
vector function v (r) attached to e;, defined as

card((

k

f
ha . _k
v?(r)_ G”“3‘1’A|7 ifr € Tig (16)
J G fh,, ifre ok
Jiv 3o, > UL E Ty,

where Gji,, Gji, are the incidence numbers between the pairs
(ej.ni,) and (e, ni, ), the volume of the tetra-
hedron vy.

As proved in [12], [13], v5(r) form a base and they can represent
exactly an element wise uniform electric field from the voltages on
primal edges as

17)

e(r) = Zv;(r)Uj.
J=1

Moreover, the entries of a symmetric positive definite and consistent
matrix E, can be computed as

(E)i; = / vi - evide. (18)
Q2

VI. TANGENT ELECTRIC FIELD ON 9f2

From (17) and the definition (16) of edge vector functions, the com-
ponent of the electric field e(r) tangent to 92, with r € 952, can be
represented as

pos

(n(r) X e(r)) X n(r) = Z n(r) x vi(r)) x n(r)U; = (19)

gb

=D V'

7=1

(20)

2A primal node is always oriented as a sink.
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Fig. 3. A portion of the 9 oriented by the normal n(r) is shown with a
number of geometric elements on the boundary 0€. In particular, the support
o’ of the boundary edge vector function v5°(r) and the unit vector u,, are
evidenced.

where n(r) is the outward unit vector normal to 952 and v5(r) is the
j-th edge vector function associated with a boundary edge e;’» defined
as

v;b(r) = (n(r) x v§(r)) x n(r). 21)
The support cr]b- of vjb(r) attached to e;* follows from the definition
of the support of edge vector functions (16). We denote with n%,, n?,
the boundary nodes of (’ and with f, L fr . the corresponding pair of
boundary dual faces moreover, fh1 s f,,2 is the pair of boundary prrmal
faces ad]acent to e Introducrng the 1ntersectrons Oa, fla N fhl,
ﬂfhl,am_, f;a ﬂfhz, Oy, = Zb Vi h, then we have that
aj? = (gal U ay) U (0, Uas,) holds, Fig. 3.
From (21), we will deduce the corresponding geometric representa-
tion of v;?b(r). With reference to Fig. 3 and assuming r € o,,, from
(16) we may write

n(r)xvj(r)=Gji,

f.,
3l l— (22)
_Galza ay |fu1| _ Calza 21

=Gy, -G,
! 3|UA| ST

el (23)

aq
where G, is the incidence number between the boundary edge 621
of f};l , drawn from the node nf? and the edge e(,l s Flg 3; e,,1 is the
edge vector associated with and oriented as the edge ¢2 ,» «vis the angle
between the faces fa, and fhl ; note that the vector G, ,aeLI always
points towards n° . The last equality in (23) stems from elementary
geometry since |)‘a1| = |(’b ’ h/2, h being the height of the triangle
fa, with respect to ¢/, and |vi.| = |fh1 H/3, H being the height of
the tetrahedron v, with respect to fh1 From (23), we deduce

l.la1

(n(r) x v5(x)) x n(r) = G, 5™ (24)

where d,, = |e | /2 | fhl is the height the triangle fhl with respect
to ef, -andug, is the unit vector normal to e, , on 9§ pointing outward
Fioy-

Therefore, the boundary edge vector function v;b (r) attached to e{;
of support o ; is defined as

ifr € 04,

G, o=
eb Jta dg, ?
vi(r) = u,® . 25)
J .. Hbs
{G‘”b P ifr € b,

4001

where forr € 0'a da, |e(,s /2 ’fh is the height the trlangle fh
with respect to eas, and u,, is the unit vector normal to e’ on o9
pointing outward fhs , with the index s = 1, 2; srrnrlarly forr € oy,.
The set of boundary edge vector functions {v r)} form a basis,
since from elementary geometry f b \2 b(r) - tdl = &;; holds for i,

j=1,...,&% 6 ; being the Kronecker symbol and t the unit tangent
vector to eZ .

A. Geometric Property of v“jb (r)

We will now demonstrate a geometric property fundamental to con-
struct the constitutive matrix (11).

Theorem 1: The boundary edge vector function vjb (r) satisfies the
following consistency condition

/b V?b(r)ds = /bwl{ t(r) x n(r)dl

In fpne j

(26)

in which f? is the h-th face of G® and é;’ is the j-th dual edge of G® of
unit tangent vector t(r).
Proof: For the triangle ,f}{l shown in Fig. 3 of Vertices 'n/ij’a, nfb,
nf , without loosing generality, we assume the edge e oriented from
, to nz ;withr € 04, (25) yields veb(r) = (r,c r;,)xn/2 |fh1
w1th r € oy, (25) yields v5®(r) = (r;,, — r;,) X n/2 |f,,1
Gji, = —Gji, = +1. Thence

b}

since

ri,)Xmn |f21|
3

e r,, —
V]’b(l‘)ds: ( 9|fb
“1Jhy

. . b
+ (r"c‘ rlbb)|><n ’f§1|

"

v, +r;
r,, — 5%
= 2 xn
3
= t(r) x n(r)dl,

b zb
fh1 ﬁ(r_]

in which n is the unit vector normal to f} , pointing outward 2 and t

is the unit vector tangent to f,?1 N El]’ congruent with the orientation3 of

the dual edge 55’ |
As a corollary, we have that

/j}i (n(r) X v;b(r)) ds = /j]’iﬂal; t(r)dl

holds. Dot multiplying (27) by the uniform field (n(r) x h(r)) x n(r)
in f}, we obtain

/fb ( (r) x vfh@)) ~h(r)ds = /,f,gnag h(r) - t(r)dl.

@7

(28)

h

VII. CONSTITUTIVE MATRIX Y

As a first step, we will apply the energy approach [12], [13] specif-
ically tailored for a pair of independent fields e(r)’, h(r); in terms of
their tangent components on 9€2, we write (n(r) X e(r)’) x n(r) and
n(r) x h(r) respectively. Then (5) yields

h(r) x n(r) = Y(r)(n(r) x e(r)) x n(r) (29)
where e(r) is kept distinct from e(r)’.
We compute the flux of the vector e(r)' x h(r)

(n(r) x e(r)’) x n(r) = Z*’ Ul

* and we use (20) for
( ),V U

3An orientation of &% congruent with the orientation of % can be established
in such a way that for the corresponding edge vectors n x e? - é? > 0 holds.
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/ e(r) x h(r)* - nds =
00

= [ (@) xa(@)" - (a@) x e(r))) x n(r))ds =

aQ

gb
— b’ ) . vl 5 =
= Z U, /(m(h(r) xn(r))" v’ (r)d

=1

(30)

= Z vy (/m (nr) x vi* () - h(r)ds>* =
];1 s
-2z,

h

(n(r) X v;b(r)) - h(r)d,s’)* 31

and substituting (28) in (31) we obtain that

gb

e(r) x h(r)" - nds = Ut p
[ et sn) S UPE

j=1

:Ub’TFb* (32)

holds V Uf’/
Now, as a second step, by substituting (29) and (20) in (30), we obtain

/ e(r) x h(r)" - nds =
o9

&b &b
= [ [roXovie ] Yoy =
Q2 =1 Jj=1

&b *
Z (o (/&Q Y (r)vi’(r) - v;b(l‘)ds) UJI-)I =

1,7=1
=U"T(yu'). 33)
Since (33) and (31) hold ¥ U,b " then F* = YU? holds exactly, where
the entry of the matrix Y is

Vo= [ Ve wis (34)
aQ

with i, j = 1,...,E% Matrix Y is obviously symmetric and since
{vfb (r) } form a base, Y is also positive definite; moreover, as we saw,
Y satisfies (11) exactly when the tangent component of the electric
field is piece-wise uniform within each primal boundary face of G°.

Equation (33) relates matrix Y to the flux of Poynting’s vector across
the boundary 0¢2. In this way matrix Y, similarly to matrices E and
M, is determined by an energy approach.

VIII. NUMERICAL RESULTS

The field along a matched section of a square waveguide under TE,
excitation has been computed as a test case, being available the analyt-
ical solution. The waveguide dimensions are: width a, height b = a,
length I = 2a. The numerical analysis has been performed adopting a
uniform mesh composed of tetrahedra.

The percent error of the energy norm of computed electric field, at
normalized frequency f/ f. = 1.5, s plotted in Fig. 4 for finer and finer
grids of maximum diameter /. The error behavior has been compared
with O(h?).
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Fig. 4. Percent error at f/ f. = 1.5 as a function of h.

IX. CONCLUSION

In this communication, admittance boundary conditions for the so-
lution by DGA of electromagnetic boundary value problems in the fre-
quency domain, have been formulated using augmented dual grids. The
derivation has been carried out for barycentric dual grids.
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