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T –� Formulation for Eddy-Current Problems with Periodic
Boundary Conditions
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This paper presents a novel technique to perform the topological pre-processing needed in formulations based on an electric vector
potential and a magnetic scalar potential when the eddy-current problem being solved is subject to periodic boundary conditions.
In this case, in fact, all the techniques to produce the generators for the first cohomology group introduced in the literature cannot
be used directly on the input mesh. The novel technique is very fast and it is used to model cables for power delivery.

Index Terms— Cohomology, cuts, eddy currents, magnetic scalar potential, periodic boundary conditions (PBCs).

I. INTRODUCTION

ONE of the most attractive ways to solve eddy-
current problems is the T –� finite-element formulation.

Its efficiency originates from the fact that the magnetic field
is irrotational in the insulating region and a magnetic scalar
potential can, therefore, be used. Yet, when the insulating
region is topologically non-trivial (for example, is the com-
plement of a conductor which is a torus), then topology starts
to play a role, and, by definition, what is needed is a set of
so-called generators that form a basis of the first cohomology
group of the insulating region [1], [2].

This issue remained an open problem for many years.
Recently, faster computers, novel algorithms, and implemen-
tations are able to provide these generators in a time that
is negligible with respect to the other parts of the sim-
ulation chain (for example, meshing or solving the linear
system). In particular, one of the fastest techniques to per-
form the topological pre-processing required for T –� for-
mulation is the Dłotko–Specogna (DS) algorithm introduced
in [3] and [4].

This contribution extends the DS algorithm in order to
deal with problems with periodic boundary conditions (PBCs),
which can arise in many applications of interest.

This paper is organized as follows. In Section II, we recall
the T –� formulation and introduce the novel approach to
deal with PBCs. In Section III, we describe how the PBC
is implemented. In Section IV, we present the numerical
results on some benchmark problems. Finally, in Section V,
the conclusions are drawn.

II. T –� GEOMETRIC FORMULATION

The domain of interest D of the eddy-current problem
has been partitioned into a source region Ds , in a passive
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conductive region Dc and the air region Da . In this section,
we assume Dc to be simply connected.

We cover the domain D with a polyhedral mesh forming
the primal complex K whose oriented geometric elements
are nodes n, edges e, faces f , and volumes v. Ks , Kc, and
Ka represent the sub-complexes of K relative to geometric
elements belonging to Ds , Dc, and Da , respectively. The
interconnections of complex K are described with incidence
matrix G between edges and nodes, C between faces and
edges, and D between elements and faces. In this paper,
subscripts c, s, and a denote the restriction of an array
or a matrix to the geometric elements in Kc, Ks , and Ka ,
respectively.

By means of the barycentric subdivision of K, a dual
complex K̃ is constructed [5], whose geometric elements are
dual volumes ṽ , dual faces f̃ , dual edges ẽ, and dual nodes ñ
in a one-to-one correspondence (duality) with the geometric
elements of K, respectively. The matrices G̃ = DT , C̃ = CT ,
and D̃ = −GT describe the mutual interconnections between
the geometric elements of K̃.

Let us now consider the integrals of the fields involved in the
eddy-current problem with respect to the oriented geometric
elements of K and K̃. We introduce the following arrays of
degrees of freedom (DoFs).

1) � denotes the array of magnetic induction fluxes, where
each flux is associated with a face f̃ ∈ K.

2) F is the array of magneto-motive forces associated with
e ∈ K.

3) I is the array of electric currents associated with f ∈ Kc.
4) U is the array of electro-motive forces along edges

ẽ ∈ K.
5) Finally, the array Ie of known source (excitation) cur-

rents is considered with f ∈ K (different from zero only
in the source region Ks).

With symbol (•)x , with x ∈ { f, e, n, f̃ , ẽ}, we denote the
component of an array indexed by x .

According to the discrete geometric approach, Maxwell’s
laws can be enforced exactly on a given mesh as balance
equations involving the DoFs arrays of the complex K̃ or K.
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Therefore, in the frequency domain, Gauss’ magnetic law and
Faraday’s law can be enforced on the dual complex with

GT � = 0 (a)

CT U = −iω� (b). (1)

In order to satisfy continuity law implicitly in Kc and K
DcI = 0 (a)

DIe = 0 (b) (2)

we introduce the arrays T and Te of the circulations of the
electric vector potential T along the edges e ∈ Kc and e ∈ K,
respectively, such that

CcT = I (a)

CTe = Ie (b) (3)

hold. In fact, we recall that DC = 0 and DcCc = 0 hold.
The array Te can be computed by the extended spanning tree
technique (ESTT) [6]. The ESTT is a general version of the
Webb–Forghani iterative algorithm to find a discrete vector
field whose discrete curl is assigned [7].

Ampère’s balance law at discrete level yields to

CcFc = I (a)

CsFs = Ie
s (b)

CaFa = 0 (c). (4)

From the definition of T, Te, and the fact that CxGx = 0
holds for x ∈ {c, s, a}, (4) is equivalent to

Fc = Gc�c + T + Te
c

Fs = Gs�s + Te
s

Fa = Ga�a + Te
a (5)

where we introduced an array � of magnetic scalar potentials
sampled in the nodes n ∈ K.

The discrete counterparts of the constitutive material laws
must be considered in addition to the discrete Maxwell’s laws

� = Mμ F in K (a)

Uc = Mρ I in Kc (b) (6)

where the square matrices Mμ and Mρ are efficiently con-
structed in a geometric and closed form as described in [5].

By substituting (6a), (6b), and (5) in (1a), the algebraic
equations corresponding to the nodes in K are obtained.
By substituting (6a), (6b), and (5) in (1b), the algebraic
equations corresponding to edges in Kc are derived. The final
algebraic system, having T and � as unknown DoFs arrays,
can be written as

(GT MμG�)n + (
GT

c MμcT
)

n + (GT MμTe)n = 0
1

iω

(
CT

c MρCc(T + Te
c)

)
e + (

Mμc
(
T + Te

c + Gc�c
))

e = 0

(7)

where the former is written ∀n ∈ K and the latter ∀e ∈ Kc.
Finally, the interface conditions that avoid the current to

flow outside region Kc are considered by setting the DoF of T
to zero for all edges in ∂Kc. In this way, (I) f = 0,∀ f ∈ ∂Kc

holds.

Fig. 1. Hexahedral mesh K constructed by sweeping a 2-D fine quadrilateral
mesh. The passive conductive region is Kc and the nonconductive region Ka .
The mesh K is delimited by a cylindrical surface S1 and two cap surfaces S2
and S3.

A. Non-Simply Connected Conductors and Periodic Boundary
Conditions

In the proposed application, a hexahedral mesh K is con-
structed by sweeping a 2-D fine quadrilateral mesh on a path
orthogonal to the 2-D mesh plane (see Fig. 1). The boundary
of K is formed by the cylindrical surface S1 and two cap
surfaces S2 and S3 (see Fig. 1).

On S2 and S3 surfaces, we enforce the PBC. It means that
we have to enforce all scalar and vector fields on S2 and S3 to
be identical, due to the symmetry of the conductive structures.
The two DoFs we consider are the magnetic scalar potential
sampled on mesh nodes and the circulation of the electric
vector potential on mesh edges in the interior of Kc. The PBC
is imposed by enforcing the value of these DoFs to be the
same on the corresponding geometric elements of S2 and S3.

Now, we focus on the definition of potentials in Ka only.
When the non-conducting region Ka is topologically non-
trivial, the DoFs �a representing the magnetic scalar potential
in the nodes of Ka are not enough to represent all possible
magneto-motive forces Fa on mesh edges of Ka . This is due to
the fact that the magnetic field in Ka is curl-free but it cannot
be represented by the gradient of a scalar potential given that
its circulation on some loops in Ka made of mesh edges
does not vanish. This is indeed the case if the loop links a
conducting torus, since Ampère’s law enforces that circulation
to match the current that flows inside the conductive torus. It is
possible to show [2] that the following definition of potentials
in Ka holds in the general case:

Fa = Ga�a + Hai (8)

where Ga as usual stores the incidences between edge and
node pairs of Ka (i.e., the discrete gradient), Ha is a matrix that
stores in its columns the representatives of the cohomology
generators H 1(Ka) [2], [8], and i is an array that contains
the independent currents [2]. The independent currents are,
therefore, additional unknowns (DoFs) of the problem due to
the topology of the conducting regions.

We recalled this definition of potentials to point out a
constraint on the representatives of the cohomology generators
due to the PBC that is not fulfilled, in general, by the tech-
niques for performing the topological pre-processing proposed
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Fig. 2. Cylinder becomes a solid torus by topologically stitching the two
caps of the cylinder.

in the literature. In fact, the representatives of generators must
have the same trace on the two surfaces on which PBC is
enforced.

This paper fills this gap by introducing an extension to the
DS algorithm to guarantee that the aforementioned constraint
is fulfilled. The main idea is to stitch topologically the two
surfaces S2 and S3.

III. DS ALGORITHM AND PBCs

In this section, we first describe how the PBC is imple-
mented. Then, we present the idea and the pseudo-code of the
modified DS algorithm.

A. PBCs Implementation

The PBC is enforced, in practice, during the usual elemen-
twise assembly of the system matrix: the contributions from
edges/nodes on S2 are assembled unaltered, whereas the ones
from edges on S3 are assembled in the positions relative to
the corresponding edges on S2.

We note that this approach requires that each pair of coupled
edges on S2 and S3 must have the same orientation. This
constraint on edge orientation implies a constraint also on the
nodes labels given that the canonical orientation of edges is
based exactly on nodes labels. That is, we assume that the
orientation of the edge e is such that G(e, n1) = −1 and
G(e, n2) = 1, where G is the edge-node incidence matrix and
n1, n2, with n1 < n2, are the integer labels of the two nodes
in the boundary of e. Of course, mesh generators assign node
labels that not necessarily meet this constraint.

We solve this issue by redistributing the labels on all mesh
nodes as follows.

1) We define new labels on nodes on S2 starting from 1 to
N2, where N2 is the number of nodes on S2.

2) Nodes labels on S3 are then defined from N2 +1 to 2 N2
by using the order of the corresponding nodes on S2.

3) Finally, the labels of the nodes not belonging to S2 ∪ S3
are redefined randomly, i.e., without a particular order.

B. Modified DS Algorithm

The main idea is to construct a new cell complex K to
compute cohomology with the DS algorithm by topologically
stitching the mesh by gluing S2 with S3. For example, if we
have a cylinder, with the proposed technique, we get a torus as
graphically shown in Fig. 2. Of course, this stitching involves
only the topology of the mesh; therefore, no deformation of
the mesh occurs.

Fig. 3. (a) Edge spanning tree on S . (b) Dual edge spanning tree on S is
constructed by using as graph the dual edges whose dual are edges not in the
primal tree. (c) and (d) Support of the two cohomology generators H 1(S)
produced by the two free edges indicated with circles in the picture.

Then, the DS algorithm [3], [4] is applied to the modified
complex to obtain a set of lazy generators for the H 1(Ka)
basis, according to the following steps.

1) Find the H 1(S) generators, where S = Kc ∩ Ka , as
shown in Fig. 3.

2) Obtain the thinned currents by pre-multiplying by the
face-edge incidence matrix Cc, where C is the incidence
matrix between faces and edges of K.

3) Run the ESTT in K by considering the thinned current
as current distribution.

4) Set to zero the coefficients that are eventually non-zero
inside Kc.

IV. NUMERICAL RESULTS

This section shows the results on some benchmark problems
to investigate the performances of the method proposed in this
paper. We first consider a simple case consisting in a single
straight conductor, because an analytical reference solution is
available. Then, we present the results on a more complicated
geometry, which mimics the typical strandings of the cores of
a three-core armored cable.

Linear systems are all solved with Intel MKL PARDISO,
given that it performs very well on multi-core systems.

A. Single Straight Conductor

We first consider a cylinder of 19.25 mm of radius, with a
resistivity of 2.048 · 10−8 �m and a current of 800 A (rms).

In Fig. 4, the representative of the cohomology H 1(Ka)
generator is shown.

The convergence of the Joule power losses P inside the
cable with mesh refinement is shown in Fig. 5. The accuracy
of the T –� formulation with respect to the analytical reference
is quite good. We include also the results of the A formulation
based on the magnetic vector potential with current enforced
by cohomology generators [9].
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Fig. 4. (a) Geometry of the single straight conductor. (b) Support of the
representative of the cohomology H 1(Ka) generator. The dual of its support
is also shown in red.

Fig. 5. Convergence versus mesh refinement of the dissipated power in the
single conductor benchmark.

Fig. 6. Support of the representative of one of the cohomology generators
H 1(Ka).

TABLE I

POWER LOSSES IN 3 m OF TWISTED CABLE

B. Three Twisted Conductors

A more complicated benchmark of three twisted cables 3 m
long is proposed. The mesh consists of 315 827 nodes, 939 910
edges, and 308 400 hexahedral elements. The support of one
of the cohomology generators obtained in shown in Fig. 6.

Fig. 7. Real component of the current density computed with the T –�
formulation for the three twisted conductors.

The Joule power losses for the 3-m cable are shown in
Table I, together with some data about the total number of
DoFs and the total simulation wall time (total time) for both
the T –� and A formulation. Fig. 7 shows the current density
computed with the T –� formulation.

V. CONCLUSION

The computation of the cohomology generators requires in
all cases just a couple of seconds, showing the effectiveness
of the proposed method.

Having the results of both complementary formulations
allows to know where the mesh should be refined and to gain
confidence about the obtained results for example with the
technique proposed in [10].
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