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In this work, a surface current plasma model is coupled to a volume integral formulation for studying the interaction between
tokamak tearing modes (TMs) and the machine metallic structures surrounding the plasma. By evaluating the passive response on
a set of pickup probes, TMs’ amplitude is estimated.
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I. PHYSICS MOTIVATIONS

AMONG the major magnetic confinement fusion (MCF)
concepts under consideration, tokamaks are the most

studied and have achieved the best overall performance in
terms of triple product, the parameter that governs the extrapo-
lation of present-day experiments to a real nuclear fusion reac-
tor. Much of the phenomena happening in a typical tokamak
discharge are due to tearing modes (TMs), which are resonant
perturbations of �B directed across the flux surfaces: the name
itself comes from magnetic surfaces that are broken and recon-
nected in the form of magnetic islands, influencing ion and
electron transport, which is greatly increased (or decreased,
depending on particle collisionality) near the island [1]. TMs
are generally destabilized by a current density gradient in the
presence of finite plasma resistivity: if this current gradient is
provided by the bootstrap current [2], the modes are given the
name neoclassical TM, or NTM.

TM (or NTM) is directly or indirectly responsible for
many pathological conditions in tokamak plasmas. For exam-
ple, impurity accumulation and radiative instability inside a
m/n = 2/1 island (with m, n the poloidal and toroidal mode
numbers) is believed to cause the Greenwald density limit [3];
island overlapping gives birth to magnetic field stochastization
and associated rapid electron energy loss [4]; last but not least,
the abrupt termination of a tokamak discharge, i.e., what is
referred to as a major disruption, is understood to be primarily
due to the growth and braking of a single TM, often the
aforementioned 2/1 NTM [5].

Manuscript received November 27, 2020; revised January 8, 2021; accepted
January 19, 2021. Date of publication January 22, 2021; date of cur-
rent version May 17, 2021. Corresponding author: P. Bettini (e-mail:
paolo.bettini@unipd.it).

Color versions of one or more figures in this article are available at
https://doi.org/10.1109/TMAG.2021.3053637.

Digital Object Identifier 10.1109/TMAG.2021.3053637

In the framework of the EUROfusion Medium Size Toka-
mak workprogram, a high-level topic is dedicated to disruption
prediction and avoidance [6]: within this topic, a line of
research consists of avoiding the disruption by stabilizing the
2/1 (or 3/1) TM through direct heating of the island with
electron cyclotron current drive (ECCD) [7]. For efficient
heating of the island, accurate identification of the resonant
surfaces (from equilibrium reconstruction or electron cyclotron
emission (ECE) measurements) and then of the position/width
of the islands (from magnetics) is mandatory.

Previous work on ASDEX Upgrade (AUG) [8] is aimed
at describing the TM island in detail, by reconstructing the
eigenfunctions of the main TMs during the disruptive phase
of a high-density discharge [6]. The method simply consisted
of a fit of cosine harmonics (amplitude and phase) extrapo-
lated to the poloidal field (Bθ ) pickup probe measurements,
using a well-known radial profile for the perturbed poloidal
flux αm,n(ψp) [9]. The method gave a reasonable topology
of the internal magnetic field of AUG, with a m/n = 2/1
island of width ∼6.3 cm, which is comparable with ECE
measurements of electron temperature fluctuations in similar
discharges. Nevertheless, passive structures surrounding the
plasma, such as the vacuum vessel (VV) and the passive
stabilization loop (PSL), interact with the current produced
by the TM, which possess frequencies in between 25 Hz and
10 kHz (1.7 kHz in the case studied in [8]), and the pollution
in the Bθ pickup probe measurements has been already pointed
out in the past [10]. The resulting topology (position and
width) of the island could be substantially distorted by the
systematic error in the probe measurements.

The purpose of this article is to calculate and extract the
systematic error in the pickup probe measurements due to the
eddy currents induced in the conducting structures surrounding
the plasma by the rotating TM. To this end, an original model
of the surface current associated with each resonant surface is
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Fig. 1. Resonance surfaces of periodicity m/n with n = 1 and m =
[2, . . . , 5]. (a) AUG radial section: mode 2/1 is the innermost (orange), and
5/1 is the outermost (magenta). (b) Pattern of the scalar function W (r) on
each resonance surface. From top to bottom: 2/1, 3/1, 4/1, and 5/1. A color
scale is used to represent the value of W .

adopted, and it is coupled with a magneto quasi-static (MQS)
integral formulation. As a result, the eddy currents induced
by an arbitrary linear combination of rotating TMs can be
computed (direct problem), and the real structure of each TM
with periodicity m/n can be easily retrieved (inverse problem).

II. MODELING OF TMS

We propose to introduce a model of surface current for TMs
in which the current components are decoupled according to
their periodicity (m/n); the following expression of the current
density at each n = 1 mode resonance surface is then adopted:

Jm,n(r) = ∇W (r)× ∇ψp(r)
|∇ψp(r)| , r ∈ �p (1)

where ψp is the poloidal flux.
The scalar function W in (1) is expressed in terms of the

TM eigenfunction of the harmonic with periodicity m/n as

W (r) = wB [cos(mθ − nφ)+ i sin(mθ − nφ)] αm,n eiγm,n eiωt

(2)

where αm,n and γm,n are the amplitude and the phase of the
harmonic, ω is the angular frequency of rotation (known from
experimental data; see Section III-A), and θ and φ are the
poloidal and toroidal coordinates of the point r ∈ �p.

The scalar function wB in (2) depends only on the equi-
librium configuration (flux density components (Bθ , Bφ),
Jacobian of the flux coordinate system (J ), and so on), which
can be obtained solving a consistent ideal MHD equilibrium
constrained by the available diagnostic data

wB = m Bφ + nBθ
μ0J |∇ψp| . (3)

Therefore, in the proposed procedure, any TM is associated
with two unknowns (αm,n and γm,n), which can be retrieved
from the solution of an electromagnetic (EM) inverse problem

Fig. 2. Code structure for the solution of the direct problem.

with a suitable set of experimental measurements as input,
as described in Section III-B.

As an example, Fig. 1(a) shows the projection of four
resonance surfaces on a radial section of the device considered
in Section IV, AUG [8]. The pattern of the scalar function
W (r) on each resonance surface is shown in Fig. 1(b).

III. NUMERICAL APPROACH

The structure of the code and the volume integral (VI)
formulation used to solve the direct problem is presented in
Section III-A. The structure of the code used to solve the
inverse problem is presented in Section III-B.

A. Direct Problem

The direct problem consists of calculating the entries (h, k)
of the transfer function matrix M(ω), which links the kth
source (TM with periodicity m, n), rotating at a given angular
frequency (ω), to the hth synthetic measurement, including the
effect of the eddy currents induced in the conducting struc-
tures surrounding the plasma, as shown in Fig. 2. The code
inputs are two current density distributions defined according
to (1), in quadrature both in space and in time, with unitary
amplitudes (Cm,n = 1 and Sm,n = 1), to model the rotation
of the kth TM. The values of the quantities defined in (3),
necessary to define the proper current density pattern [as those
shown in Fig. 1(b)], come as the output of an equilibrium
code (e.g., the CLISTE free boundary solver [11] can be used
in AUG), and the angular frequency of rotation (ω) comes
from a fast Fourier transform (FFT) of the experimental signals
measured by a set of nb magnetic sensors (pickup coils).

The MQS-VI formulation proposed in this work relies on
the discrete geometric approach (DGA) and the use of the
electric vector potential [13]. The EM fields are discretized
on a pair of interlocked primal and dual grids of the conduct-
ing domain �c surrounding the plasma region. The discrete
Faraday’s law enforced on dual faces in �c is

CT U + jωCT A = 0 (4)

where C stores the incidences between primal faces and edges,
U is the vector of the electromotive forces on dual edges, and
A stores the line integrals of the magnetic vector potential on
dual edges.

We define the array of the currents across primal faces as

I = C(T + Hi) (5)

where the arrays T store the unknown line integrals of the
electric vector potential on primal edges, while i is the
independent currents vector of the first cohomology group
generators of the domain boundary ∂�c, whose incidences
with the primal edges are expressed by H.
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Fig. 3. Assembling the complex linear system of dimension nb × nTM and
solving for the nTM couples of unknowns.

Then, the magnetic vector potential is separated in an
unknown term due to eddy-currents and a known term Am,n

due to the current density Jm,n defined in (1).
Finally, the following discrete system is obtained:[

K KH
HT K HT KH

][
T
i

]
= −iω

[
CT Am,n

HT CT Am,n

]
(6)

where K = CT (R + jωM)C, with R and M being the resis-
tance and magnetic matrices [13]. The effect of the conducting
structures is evaluated at the pickup probe positions, solving
(6) for each prescribed m/n and ω values.

The proposed formulation ends up with a dense sys-
tem, a common drawback of integral methods. Nevertheless,
the coupling of this formulation with a low-rank approxima-
tion technique based on hierarchical-matrix representation [14]
allows to increase the size of the largest solvable problem
on standard workstations, even far beyond the number of the
degrees of freedom (DoF) of the numerical model presented
here (see [15]).

B. Inverse Problem

The solution of the inverse problem is not addressed in this
article. However, for the sake of completeness, we summarize
here the procedure for the case of nTM TMs all rotating at the
same angular frequency (ω).

The nTM couples of unknowns (αm,n and γm,n) can be
retrieved as follows (see Fig. 3).

1) Assembling of the LHS: Complex matrix of dimension
nb × nTM; each entry Mh,k (ω) comes from the solution
of the direct problem.

2) Assembling of the RHS: Complex array of dimension
nb × 1; each entry B̄k = Bk eiβk comes from the FFT of
pickup probes signals.

3) Solution of the overdetermined complex linear system
of dimension nb ×nTM (Moore–Penrose pseudoinverse).

IV. NUMERICAL RESULTS

In this article, the proposed procedure is applied to the AUG
device [8]. The two main conducting structures surrounding
the plasma are here considered:

1) the VV, a complex stainless steel structure with several
apertures (ports) for diagnostics, heating, and vacuum
systems [see Fig. 4(a)];

2) the PSL, a massive copper conductor for passive plasma
stabilization [see Fig. 4(b)].

To assess the effect of the conducting structures, three
different direct problems have been solved, modeling only the
VV or the PSL or both, respectively. The number of elements
of the primal complex (nodes, edges, faces, and volumes) and
DoFs for the three cases are shown in Table I.

Fig. 4. Main conducting structures surrounding the plasma in the AUG
device [8]. (a) VV: discretized with 16 287 hexahedra. (b) PSL: discretized
with 17 664 hexahedra.

TABLE I

NUMBER OF ELEMENTS OF THE PRIMAL COMPLEX AND DoFs FOR

THE THREE CASES STUDIED (VV, PSL, BOTH)

Fig. 5. Single TMs rotating at 1.7 kHz: flux density produced at an arbitrary
time instant t0. (a) m/n = 2/1. (b) m/n = 3/1.

In the experimental campaigns in AUG, a number of TMs
with comparable amplitudes can be observed, often rotating
at the same frequency. For the sake of simplicity, here,
we consider two modes with periodicity m/n = 2/1 (α2,1 = 1
and γ2,1 = 0) and m/n = 3/1 (α3,1 = 1 and γ3,1 = 0),
rotating at 1.7 kHz, as the source terms of the direct problem.
Fig. 5 shows the patterns of the flux density produced by these
modes in the actual positions of pickup coils (C09− xx) at an
arbitrary time instant t0: it is worth noting that they are almost
in phase in the low field side (θ ≈ 0) and out of phase in the
high field side (θ ≈ π).

It is interesting to observe the reaction fields (effect of the
eddy currents induced in the conducting structures) when only
the VV or the PSL are modeled. As expected, the effect of the
PSL is mainly concentrated in the region behind it, while
the effect of the VV is more pervasive, and it is particularly
noticeable in the high field side where the source term is larger,
as shown in Fig. 6. Moreover, the effect of the VV tends to
reinforce the actual field at the magnetic sensors’ positions
with respect to the ideal case (field produced only by TMs),
as shown in Fig. 7, while the effect of the PSL tends to
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Fig. 6. Flux density generated by the eddy currents induced in the VV (red)
and in the PSL (blue) at t0 for a single TM rotating at 1.7 kHz: (a) m/n = 2/1
and (b) m/n = 3/1.

Fig. 7. m/n = 2/1: VV effect on amplitude and phase of the actual signals
(pickup coils C09 − xx) with respect to the ideal case.

Fig. 8. m/n = 2/1: PSL effect on amplitude and phase of the actual signals
(pickup coils C09 − xx) with respect to the ideal case.

Fig. 9. Comparison of the actual signals (red) at pickup coils (C09 − xx)
with respect to the ideal case (blue) for a linear combination of two modes
with periodicity m/n = 2/1 and m/n = 3/1.

reduce the actual field behind it (e.g., by sensors C09−k with
k = [2, 3, 4, 29, 30, 31]), as shown in Fig. 8. Figs. 7 and 8
refer to the m/n = 2/1 case. Similar considerations apply
also to the m/n = 3/1.

Finally, we consider a linear combination of two modes
with periodicity m/n = 2/1 (α2,1 = 1 and γ2,1 = 0)
and m/n = 3/1 (α3,1 = 1 and γ3,1 = 0), rotating at

1.7 kHz, to evaluate the global effect of VV and PSL. Fig. 9
shows a comparison in terms of amplitude and phase of
the synthetic measurements for the single modes, their linear
combination, and the actual signals that take into account the
effects of VV and PSL. It is worth noting that if the effect of
VV and PSL is neglected, the current densities at the resonance
surfaces would be significantly different with respect to the
real ones and the resulting topology (position and width) of
the island substantially distorted.

V. CONCLUSION

The proposed approach provides a simple procedure, requir-
ing an equilibrium reconstruction and an MQS solver, to get
the correct value for the TM current density at the resonance
surface that can be used for physics studies (e.g., coupled to
a guiding center code) or integrated into real-time algorithms
for disruption prediction and control.
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